Flux Quantization Due to Monopole and Dipole Currents 
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We demonstrate the general principle for flux quantization in field-induced quantum interference 
effects. For particles carrying a monopole moment, the interference causes monopole current to 
oscillate periodically with fiux defined as inner product of field and area, whereas for particles 
carrying a fixed dipole moment, the dipole current oscillates periodically with flux vector deflned 
as cross product of field and trajectory. Our analysis unifies the oscillation of monopole or dipole 
currents in various devices, such as SQUID and spin-FET, into the same physical picture. As 
consequence of these general principles and the non-gauge field nature of the coupling between 
dipole moments and external field, it follows that the quantization of the electric flux vector can 
also be seen in open trajectory devices that transport dipole currents, such as spin Josephson effect. 
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Introduction.- Quantum interference effeets due to ex- 
ternal electric or magnetic fields have long been of great 
interest, since they demonstrate the feasibility of eon- 
trolling the quantum state of particles by external fields 
and preserving quantum coherence. Such interference ef- 
fects stem from the coupling of monopole or dipole mo- 
ment of the particles to the vector field or the electric 
and magnetic field via Aharonov-Bohm (AB)[l[, dual 
Aharonov-Bohm (DAB)[i], Aharonov-Casher (AC)[i], 
and He-McKellar-Wilkens effects (HMW)|i, i]. Due to 
these effects, the wave function of the particle acquires 
a Berry phase after traveling along a certain trajectory, 
and allows to utilize the Berry phase to design various 
interferometers. 

Since the Berry phase is a periodic argument, a natu- 
ral consequence of field-induced interference effects is the 
flux quantization. A well-known example is the quanti- 
zation of magnetic flux in a superconducting quantum 
interference device (SQUID), in which the Berry phase 
due to AB effect combined with single- valuedness of the 
wave function yields a Josephson current oscillating pe- 
riodically with magnetic flux, from which the flux quan- 
tization is interpreted. The magnetic flux is defined as 
the inner product of magnetic field and the area enclosed 
by the trajectory; and the smallness of the fiux quantum 
h/2e is the reason behind the high precision magnetome- 
ter made by SQUID. 

General principle of flux quantization.- In this Letter, 
we show that flux quantization can also be introduced in 
DAB, AC, and HMW effects in the same sense as flux 
quantization in a SQUID, i.e., from the oscillation of 
monopole or dipole currents with flux. We follow the 
philosophy that the flux should be deflned as the quan- 
tity that controls the interference effect but only depends 
on the field and the trajectory, whereas the monopole 
or dipole moments of the particles determine the fiux 
quantum. The oscillation of monopole or dipole cur- 
rents due to quantum interference is best demonstrated 



within the framework of persistent current in a meso- 
scopic ring 0,3], in combination with the generic set up 
proposed in Ref. 0. As duplicated in Fig. 1(a), quantum 
particles carrying electric charge g/magnetic monopole 
q,„/ magnetic dipole /.t/electrie dipole d are confined in 
a ID ring of length L, with an infinitely long wire car- 
rying uniformly distributed magnetic dipole /.t/electric 
dipole d/electric charge g/magnetic monopole qm pierced 
through the center, which corresponds to the set up for 
AB/DAB/AC/HMW effeets, respectively. First we re- 
view the mechanism of persistent charge current due to 
AB effect in this set up, then we make analogy to the 
other three effects. 

In the set up for AB effect, the momentum p of a 
particle with electric charge q is replaced by (SI units are 
adopted throughout the article, and boldface symbols are 
vectors) 



AB 



qA 



dl 



that is, from the form of momentum, the Berry phase 
(fAB is already determined. The discrete eigenenergies 
for the particles with mass m are 



(2) 



The many particle energy spectrum is periodic in 
<f>_B = f A ■ dl = jB-da with periodicity $^ = 
h/q, and so is the charge current calculated by / = 
J2nil/f^L) f{En)dEn/dk, where is the Fermi or 

Bose distribution function depending on the statistics 
of the particles 0. We emphasize that although the 
AB effect is due to coupling of q to the vector field A, 
the magnetic flux is defined only through the identity 
/A-dl = jB-da. 

Now consider the set up for the DAB effect. Following 
Ref. 13, the electric field due to d distributed on the wire 
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is written in terms of a vector field E = V x A^; , and the 
momentum of the particle that carries q„i is replaced by 

On, 

qm_ 

he? 



DAB 



^DAB 



E 



(3) 



where ^e 



^E 



■dl 



J E • da, and $^ = he? /q,n. 
The cigenenergies have the same form as Eq. with 
the replacement ^ ^e/^'e- Following the same 

argument as in the AB effect, both the cigenenergies and 
monopole current are periodic in with periodicity 
hence the quantization of is interpreted. 

It is intriguing to ask if our analysis can be applied to 
the recently discovered magnetic monopoles in spin ice 
[^11 1 or quantum spin ice [l2, 13 1. For instance, if pierc- 
ing an E field through a ring made of quantum spin ice 
can generate a monopole current that oscillates with $ e ■ 
However, it is clear that in our analysis, we assume an 
ideal monopole whose presence modifies Maxwell's equa- 
tion, and it experiences a Lorentz force in the presence 
of an E field. Since the monopoles in quantum spin ice 
do not satisfy such criteria, the DAB effect does not oc- 
cur in these materials. Therefore our analysis for such 
ideal monopoles is rather for the sake of completing the 
duality between magnetism and electricity, whereas its 
realization depends on the existence of ideal monopoles. 

Similarly, for the AC and HMW effects; if charge neu- 
tral particles carry a fixed dipole moment 
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HMW : p - d X B 



^HMW 
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B X dl = 27r 



d *i 



dl 



(4) 



The Berry phase again is deduced directly from the form 
of the momentum. By factoring the Berry phase into the 
part that depends only on the field and trajectory and the 
part that depends on the fixed dipole moment, the flux is 
unavoidably a vector defined by the cross product of field 
and trajectory. Below we call ^e the electric fiux vector, 
and $B the magnetic fiux vector. The cigenenergies fol- 
low Eq. ([2|), with the replacement $b/$^ fi ■ ^e/^e 
and $i3/$B d • for AC and HMW effect, re- 

spectively. Both the cigenenergies and dipole currents 
are periodic in and from which their quantiza- 
tion follows. The actual quantized values of and #_b 
depend not only on their flux quanta <1>^ = hc^/l/jtl and 
$^ = h/\d\, but also on the direction of the dipole mo- 
ments. The oscillation of dipole currents with field has 
been discussed by Balatsky and Altshuler, who consid- 
ered persistent spin currents in a ^He ring 15|, and the 
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$s = J' B ■ da. 


$E = -jE-da, 




$1 = h/q 


= h^/q^ 


dipole 


*s = J B X dl. 


= j'dlx E, 




is = h/\d\ 


^% = hc^/\^l\ 



TABLE I: Proper definition of flux and flux quantum in the 
field-induced interference effects, classified according to the 
fixed monopole or dipole moment of the particles. 



electric flux quantum <i>^ has been introduced by Bo- 
gachck and Landman[l3|. While these considerations re- 
fer to flux quantization in closed circuits, our point is that 
this oscillation obeys a general principle of fiux quanti- 
zation where the proper definition of fiux is a vector for 
fixed dipole moments. Next, we address how quantiza- 
tion of flux vectors can be realized in concrete devices. 

Realizations of quantization of electric flux vector. - 
For particles that carry electron magnetic moment 
and experience AC effect, the quantum for electric flux 
vector *B is huge $^ = /icVmb = 6.43 x lO^V. This 
means for a reasonable scale of E held, (pAc is only of 
the order of mrad[l3|- In comparison with the smallness 
of magnetic flux quantum $g = h/2e = 2.07 X 10~^^Wb, 
one may wonder if such a huge flux quantum and the re- 
sulting small phase shift can be of any use. Below we 
demonstrate that in devices that contain Rashba spin- 
orbit coupling (SOC), which yields a phase shift also pro- 
portional to E X /X but with a much larger prefactor, the 
flux quantum may be experimentally observable. 

A prototype interference device that utilizes Rashba 
SOC is the spin flcld effect transistor (spin- FET)[i3. In 
an ideal ID spin-FET with length L along x-direction, 
the spin degeneracy (ct = ±1) is lifted in the 2DEG region 
where an E field is applied along y direction, described 
by Ea = h-^k1^/2m* — aakxa- In presence of Rashba 
coupling the motion along a;-direction is then described 
by the Hamiltonian H^r ~ \Pa- — {g + AE) x jj]'^ /2m — 
I [g + AE) X /xp/2TO. The Rashba couphng corresponds 
to a ^ h\{g + AE) x \Jb\/m, where g represents the in- 
trinsic SOC of the 2DEG, and A characterizes the field 
induced SOC. It is still debated whether the field de- 
pendence of a comes from the expectation value of the 
electric field at the interface [l8l|. or the asymmetry of the 
wave function in the quantum well 1^ 23| , or other as- 
pects of the wave function 2l| . For either mechanism to 
be true, our point is that the Rashba parameter can be 
empirically written in the form a = h\ (g + AE) x fJ.\/m 
where E is the external field depending only on the gate 
voltage and sample thickness. By preparing the spins in 
the source and drain in an eigcnstate of , the tunneling 
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probability Pq cx 1 + cos oscillates with 

Ad = {k,+ - k,.-)L = = / " ■ 

= ^0 + — iT^M ■ / dl X E = ^0 + 2^^^^ - 5 

n. J $0, 

Therefore from the periodicity of tunneling probabil- 
ity, or equivalently the current-voltage characteristics, 
the quantization of is realized, with flux quantum 
~ h/2X\fi\. Physically, the quantization oi ^e 
shows up because spin-FET utilizes the Berry phase 
of spin up and down (which are fixed magnetic mo- 
ments) to control the tunneling probability, so it falls 
into the category of field-induced quantum interference 
effect. Applying a gate voltage ^ IV on an inverted 
Ino.53Gao.47As/Ino.52Alo.48As heterostructure of thick- 
ness ~ lOOnm and channel length ^m one can ob- 
tain A9 = 27r[l8j. which corresponds to a flux quantum 
^ lOV. Thus the flux quantum due to Rashba SOC 
is generally much smaller and more accessible compared 
to that in AC effect. 

Flux quantization in open trajectory devices.- Although 
we discuss the flux quantization due to monopole cur- 
rents and due to dipole currents on equal footing, a cru- 
cial difference between them should be emphasized. The 
quantization due to monopole current originates from 
the coupling of monopole moment and the vector field 
A and A^; described in Eqs. dU) and ([3]), which can al- 
ways be gauged away unless the particle is moved in a 
closed trajectory, such that the gauge invariant fluxes 
<f A ■ dl ~ JB ■ da and — ^A^-iil^ — jE-rfa can be 
measured. On the other hand, the quantization due to 
dipole current stems from the coupling of dipole moment 
and the external field directly, which cannot be gauged 
away even if the particle moves in an open trajectory, 
as demonstrated in Fig. [ijb). In other words, AC and 
HMW effects can cause oscillation of dipole current in 
open trajectory devices. 

An example of such open trajectory devices is the 
Joscphson junction. This motivates us to study spin 
Josephson effect in the presence of an electric field. 
In particular, we revisit the spin Josephson effect 
due to coherent tunneling of spinful particle-hole pair 
(c|c^) in a ferromagnetic mctal/insulator/fcrromagnctic 
metal(FMM/I/FMM) junction. [23| instead of tunneling 
of spinful Cooper pairs [i^l because the charge neutral 
(c|c^) couples to external electric field via SOC or AC 
effect, and there is no Josephson charge current in 
this problem. We follow the analysis in Ref. |22| for 
FMM/I/FMM junction but with a different mean field 
treatment of Hubbard interaction in bulk FMM 

C/nt(r)n;(r) -> -4(r)c^(r)A(r) - c|(r)c^(r)A(r)t (6) 

where At = U{S+) = UiS'^ + iSy) = U{c\ci). Thus 
our magnetization lies in the S*^' S'^-plane with an angle 



9 that also determines the phase of A = |A|e*^, hence 
the dynamics of magnetization is directly related to the 
uncertainty relation [9, S^] = i. 

We can directly utilize the formalism in Ref. [Ill to cal- 
culate the spin current by setting m = {2U/3){S^) ~ 
therein. Consider that the magnetizations on the two 
sides have the same magnitude |Ai| = \Aji\ = \A\ but 
a difference in direction 9 = 9l — 9ii- Then the spin 
supercurrent due to coherent tunneling of (c|c^) is 



\T\ 



■^•(O, |A|)sin6' 



.f,sm9 = N{Sl) = -N{S^i,), 



(7) 



where |Tp represents the tunneling amplitude, and N is 
total number of sites on either side of the junction. The 
function S{a, h) satisfies S{a, 0) = and 5(0, h) ^ 0. 



(a) 



(C) 






FIG. 1: (color online) (a)Generic set up that manifests os- 
cillation of monopole or dipole currents due to AB, DAB, 
AC, and HMW effects. (b)Schematics of the open trajec- 
tory devices in which AC and HMW effects can take place. 
(c)Proposed 2DFMM/2DEG/2DFMM junction as a realiza- 
tion of the open trajectory device sketched in (b). Magneti- 
zation (Sr) and (SL)(blue arrows) yield the Josephson spin 
current Js (polarization /I II {Sh X Sl» described by Eq. 
The coplanar magnetization profile at the 2DEG interface un- 
der the influence of field-induced SOC (red arrows) deviates 
from the case without SOC (green arrows) by the phase shift 
ifiAC- Here tpAC of the (^-junction can be controlled by the 
gate voltage and may be measured by the optical Kerr effect. 



Applying a gate voltage on the thin insulating inter- 
face has two effects. Firstly, it changes the potential bar- 
rier at the interface, thus changing the tunneling ampli- 
tude |Tp. Therefore one should replace J° —J- J°(E). 
Secondly, the propagation of spinful (cjcj^) picks up a 
phase that depends linearly on the electric field due to 
AC effect or Rashba SOC. From previous calculation 



4 



for spin-FET, we anticipate that strong Rashba SOC is 
also necessary to experimentally observe flux quantum 
in spin Josephson effect. This leads us to consider the 
2DFMM/2DEG/2DFMM junction shown in FigHlJc), de- 
scribed by the following Ginzburg-Landau (GL) free en- 
ergy that contains an AC phase 

/ = fnO + «|Vf + ^IV'I' - - *fco.) V'P (8) 

2 Zm 

where a and /3 are GL parameters, m represents the ef- 
fective mass, ko = (g + AE) x fi/h and fcor is its com- 
ponent along the junction. Eq. ([5]) is consistent with 
the Hamiltonian of a spin current in an electric field 
[2^ . with a fixed dipole moment /x || (S/j x S^). The 
g and A again represent intrinsic and field dependence of 
Rashba SOC at the interface. The dimensionless quan- 
tity 17(2:) = '4!{x)/ipoo = 4'x/i—0'//3) in the interface 
< X < L where the E field is applied is 

g(j:) = (1 _ ^)e*'=o^^ + ^g-^koAL-x}+^e 
L L 

such that it satisfies the boundary condition g{0) ~ 1 and 
q(L) = e*^, and the Laplace equation {dx — ik^xf g = 
0.[25[ The GL free energy integrated over the interface 
is AF = IcfT^'iplol Lm [1 — cos {9 — kQxL)]^ where Ic is the 
cross section length. The current from Eq. ([5]) yields 

Js = J,"(E) sin {9-^0- vac) (10) 

where ipo = fi- J dlx g/h, and ipAc ~ p-- J dlx 

E = 2TTp, ■ €>£;/$^. The periodicity of Eq. dTU]) again 
implies 4>e is quantized by = /i/A|/x|. 

In the absence of Rashba SOC, fcoa = 0, Eq.® implies 
the magnetization profile in the 2DEG interface (green 
arrows in FiglTJc)) gradually rotates from (Sl) to (S_r), 
due to its proximity to the two FMMs. Gradient of this 
coplanar magnetization is the origin of the Josephson 
spin current that has a fixed polarization /i, || {Sr x Sl). 
The Rashba SOC gives additional rotation to the mag- 
netization profile(red arrows in Figlljc)). Hence the gate 
voltage changes the magnetization profile in the inter- 
face, which should be visible as certain fringe pattern by 
optical Kerr effect. Details of this 2D junction will be 
presented in a forthcoming work. 

Regarding quantization of magnetic flux vector.- An in- 
tense investigation has been dedicated to the realization 
of HMW effect. Since there is no sizeable d for known 
point particles, existing proposals mainly focus on field 
induced electric dipole moments [ivl [28l| . Recently, inter- 
ference effect due to electrically polarized ^Li ions has 
been observed in an atom interferometer [2^, with an in- 
terferometer signal I = Io{l + Vcos {ipp + fd)) that de- 
pends on fringe visibility V, perturbation phase ipp, and 
diffraction phase ipd- Following previous arguments for 
spin-FET and spin Josephson effect, it is tempting to 
directly associate the periodicity of / to quantization of 



^B- However, the complication of such electrically po- 
larized atom is that, by travelling through a region with 
both E and B field, the atom picks up a phase not only 
due to HMW effect, but also due to AC, Zeeman, and 
Stark effects. Further treatment is necessary to extract 
the HMW phase. Therefore one cannot directly attribute 
the periodicity to flux quantization. To actually interpret 
fiux quantization from oscillation of electric dipole cur- 
rent or certain interference pattern, a design that only 
HMW phase contributes to the interference is necessary. 
Such design remains unclear to us at this moment. 

Conclusions.- We formulate the general principle for 
fiux quantization in field-induced quantum interference 
effects. By factoring the Berry phase into the part that 
depends only on the field and trajectory and the part 
that depends on the monopole or dipole moment, the 
fiux is a scalar for particles carrying a monopole mo- 
ment, but a vector for particles carrying a fixed dipole 
moment. This principle unifies all field-induced quan- 
tum interference devices that transport fixed monopole 
or dipole moments, including already known examples 
such as SQUID, spin-FET, and persistent charge or spin 
current in a mesoscopic ring. Due to the non-gauge field 
character of the coupling between dipole moments and 
the external field, we predict that such quantization can 
also be seen in open trajectory devices that transport 
dipole currents, such as spin Josephson effect. In partic- 
ular we show that because of the reduced flux quantum 
in systems with Rashba SOC, electric fiux quantization 
may become accessible to experiment. 
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